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= Motivation

- Non-equilibrium topological response
- Chern number <-Z—Hall conductivity
= Fractional Non-equilibrium Hall response

- Single Dirac cone

« Haldane model

- Experimental considerations; (non)linear response, finite size, trap...
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= Topological Order = Interesting!

= Equilibrium well studied

v Local perturbations 7 Global perturbation

Penn State - Rigol, Nature Comm. 2015

Cambridge - Cooper, PRL 2015

Max Plank, NYU - Oka, Mitra, PRB 2015

Gottingen - Kehrain, PRB, 2016

Innsbruck - Zoller, PRL 2016

Cornell, Bilkent -Mueller, Oktel (PRA) 2016
CalTech - Refael, preprint 2016

Hamburg - Sengstock, Weitenberg, preprint (2016)
Tsinghua - Zhai, preprint (2016)

ETH, UIUC, ICFO, Rutgers, Rice, Colorado...

¢ Cold atoms play an important
role in these developments!

= Hamburg, non-equilibrium
distribution \/

= Zurich, in progress ...
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= Topological Order = Interesting!

« Equilibrium...

v" Local perturbations ? Global perturbation

?

. Dynamical response: All topological transitions non-adiabatic.

?

Time-dependent transition between topological states: Do invariants survive?

v Experimentally relevant
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- What happens when a system is suddenly driven between two topologically different
phases?

= Chern number is a property of the wavefunction! (Equilibrium: band=wavefunction)

1
C = o f dk, dk, 2, (i, v) — parametrizes momentum space 2-manifold
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- What happens when a system is suddenly driven between two topologically
different phases?

« Chern number is a property of the wavefuncion! It is preserved!

1
C = o f dk, dk, 2, (i, v) — parametrizes momentum space 2-manifold
I8
'Q[,n/ =S ak”Akv — akvAk”
Ay, = i<w‘aku‘w>

« Two-band model, e.g. Dirac Hamiltonian

- Initially filled lower band, excite some particles to upper band

W(k,0,t) = a(k,t) |2(k,0)) + b(k,t) lu(k,8))

N\ 7~

eigenstates of the final Hamiltonian Cooper, PRL'15
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- What happens when a system is suddenly driven between two topologically
different phases?

« Chern number is preserved!

1
C = %fdkli dkv ‘Q/,Lv
.qu — 6kuAkv — akvAku

Ay, = i<‘%"6ku“}’>

« Chern number = integer

= Just after the quench, W does not have time to respond

- In later times, unitary evolution does not change C

Cooper, PRL'15
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- What happens when a system is suddenly driven between two topologically
different phases? 1

« Chern number is preserved!

1
— %fdkli dkv ‘Q/,Lv
.qu — 6kuAkv — akvAku

H H # of wrappings = C

- E.g. Pseudo-spins on Bloch sphere for a Dirac cone

N _( A cke'? 1-
}[(k) - (cke_ie —A ) Hie = _Ehk g

Quench = Effective magnetic field changes at each k
Rigol, Nature'15
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« What happens when a system is suddenly driven between two topologlcally
different phases?

« Chern number is preserved!

1
= f dky dk, 2,

.qu =S 0kﬂAkv — akvAk”

- E.g. Pseudo-spins on Bloch sphere for a Dirac cone

A 10 1
(e ) me i

7 ()

Ay, = i<‘1"ak”“1’>

cket0

2

R
* spins precess around h;,

* preserves topological
character of the initial
configuration

* # of wrappings = same

Rigol, Nature'15




Motivation

Non-equilibrium

Dirac cone | Haldane | Experiments

1
C = | dky dky 2

Quench, then unitary evolution...

<+ Pure state > Pure state

« Chern number is the property of the wave function and
preserved!

« BUT SO WHAT?

o

o™
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How to classify the resulting non-equilibrium state then?

C=0, quench, still C=0, but edge currents??

What would a Hall Bar experiment yield after the quench?

Observables: Hall conductivity

2

neq e” _
oy ¢C7—--- \

oy is integer, to see what it is out-of-equilibrium
assuming a

« (Calculate transverse current
ground state !
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Hall conductivity: Jgeq =7? Semiclassically
. . dp - edr /5 — ar dp /- —,
Equation of motion: — = - r B 5 - 2
q — = eE +——x (7, xA®) — = Te(@) + h—-x(7, xA®)
j =env
Z v, ® jdﬁ <‘P‘ {\76(}5’) + h% (\7;9 Xjfl)(f’)) } ‘LIJ>
P -’

Roy et. al, PRA'15
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Hall conductivity: Jgeq =7? Semiclassically
. . dp - edr /5 — ar dp /- —,
Equation of motion: — = - r B 7 it 2
qu — = eE +——x (7, xA®) — = Te(@) + h—-x(7, xA®)
j =env
Z v, ® erﬁ <‘P {\76(;5’) + hd—zzx(_)p XTQ)(F)) } ‘l}’
P -’
— [ ap (w {Ve@) + n(eE +29xB)x (FxAM) )} ‘w)

Transverse drift | (a*(6]+ b*(ul) (B x Geq) (al0)+b )

- e? S S
ot = E | @ PuGRy 2
n

Roy et. al, PRA'15
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Quantum Mechanically

= Or calculate the transverse current...

577 = o E fdsz (k) Qn(k) = — Cneq *Dj 1 ble!
iagonal ensemble!

bands

E(t) = Eycoswt %, hk = —eE(t), take w — 0 for DC Hall conductivity...

H((t) = z H, = z Hk‘k ) + Up,. (—el:f/a) sinwt)
k K B

W (1)) = z Cpr () e '@kt |p k) | Cpr(t)=... time-dependent perturbation theory
b={fu
Uy) = 2(‘% (t)|—€9y|'2”k (t)> Fast oscillating terms die out...

k
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®
= Quench between topologically different phases: —) E
A «
\'
neq 2 transverse
o Znh E jd k Py (k) (k) = —Cneq
\_ bands ) +Q
:
Dimensionless

v Hall conductivity

4 _ ™
= Not quantized! v
Berry Curv. of the bands

.

= Not universal!

J

Probability
distributions

*Usual TKNN for the ground state
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Take home message # 2

oy 1= ZnhZdekP (k) 2,,(k) #C

bands

can be anything!
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Take home message # 2

neq
H

Znhz dekP (k) 2, (k) #C

bands

can be anything!

Let’s consider a specific system...
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= Near transition; low-energy physics ~ massive Dirac model

}((E)z(

}[k U,(k) —

A cke'?

cke™t?

& u(k)

Q_

—A

) ke

+ c?A

O =k, + ik,

N\

2(A% + c2k2)’/z

depends on the
sign of A

Static solutions

e =A% A

—A

4"

}

independent of
the sign of A
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= Near transition; low-energy physics ~ massive Dirac model

e
2\ _ A cke'? u, (k)
7t (k) } (cke_w —A ) 2
F c?A A
23 2(A2 + c2k2)"/2 !
—A
= Non-interacting fermions,
Coivi s = ——
initially ground state at half filling imitial 2 Ui (k)

» Invert the sign ofthemass A =2 —A

2k2 AZ

R0 = mrae

Occupation  p (1) — ¢
Probabilities: 1(k) A% + c2k?



Motivation | Non-equilibrium | Dirac cone | Haldane | Experiments

= Near transition; low-energy physics ~ massive Dirac model

. e
= A cke‘e)
70 (%) = ( | 0, (K)
_if 2
( ) cke™! —A ; =i¢A2+ C2 %
0 — F c2A A
2(A2 + c2k2)*/2 < N >k

= Non-interacting fermions,

Cinitial = — 5
initially ground state at half filling el 2 u; (k)

« Invert the sign ofthemass A 2 —-A

2k2 AZ

c2k? ) = A2 + c2k?

Occupation  p (1) — ¢
Probabilities: 1() A2

The summit
matters the
most!



Motivation | Non-equilibrium

Dirac cone

Haldane | Experiments

= Near transition; low-energy physics ~ massive Dirac model

7t (E) N (ckeA_w

ckew)
—A

1 — —
Creq = 5 E | @k Puiy 208
n

bands

7

1
Cneq — § —

1
6

\
1

A

Lower band Upper band

u, (k)

. . 1 . 1 2
¢ For symmetric quenches, initially 3 final - => change always 3
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Take home message # 3

= For a single Dirac cone,
in a mass-sign-inverting quench,
the symmetry between the initial and final energy spectrum yields

a universal (independent of A,c) fractional Hall conductivity % .
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Experiments

- Haldane model (infinite system)

H = —tIZalTaj—tZ z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Non-interacting fermions

= Non-uniform magnetic field, translational symmetry

remains same
= 2 Dirac cones in the BZ
= ¢ breaks TRS
= M breaks IS

tz = 0.1t1, (p = 0.6

Theory: Haldane, PRL'88

Experiment: Jotzu et. al, Nature’14
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- Haldane model (infinite system)

H = —tlzajaj—tz z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Non-interacting fermions

= Non-uniform magnetic field, translational symmetry

remains same
= 2 Dirac cones in the BZ
= ¢ breaks TRS
= M breaks IS C=-1

tz = 0.1t1, (p = 0.6

Theory: Haldane, PRL'88

Experiment: Jotzu et. al, Nature’14
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Haldane

Experiments |

- Haldane model (infinite system)

H = —tIZalTaj—tZ z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Non-interacting fermions

= Non-uniform magnetic field, translational symmetry

remains same
= 2 Dirac cones in the BZ
= ¢ breaks TRS
= M breaks IS C=0

Y e |

tz = 0.1t1, (p = 0.6

Theory: Haldane, PRL'88

Experiment: Jotzu et. al, Nature’14
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- Haldane model (infinite system)

H = —tIZalTaj—tZ z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Non-interacting fermions

= Non-uniform magnetic field, translational symmetry

remains same
= 2 Dirac cones in the BZ
= ¢ breaks TRS
= M breaks IS

P o

tz = 0.1t1, (p = 0.6

Theory: Haldane, PRL'88

Experiment: Jotzu et. al, Nature’14
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- Haldane model (infinite system)

H = —tlzajaj—tz Z eii¢azraj+MZazrai—MZazrai
2 B

(L (1))

= Symmetric quenches around the transition point!

Ml:Mc+AM\

M; = Mg — AM

* Other quenches
would also work

Jotzu et. al, Nature’14
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- Haldane model (infinite system)

H = —tlzajaj—tz z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Symmetric quenches around the transition point!

Ml:Mc+AM \

M; = Mg — AM

* Other quenches
would also work

N|—
N|—
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- Haldane model (infinite system)

H = —tlzajaj—tz z eii¢azraj+MZazrai—MZazrai
7 B

(L (1))

= Symmetric quenches around the transition point!

Ml:Mc+AM
M; = M — AM )

[l
W[\
I
mq

N|—
o\—
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- Haldane model (infinite system)

M; = M¢ + AM )
M; = M; — AM

- Numerically and Analytically

= Quench

= Calculate P, at each k-point in the BZ

= (Calculate the € of the final bands

- Hall conductivity = Gy,

M, = +t,3V3sin @ (k)

tz = 0.1t1,

¢ = 0.6m
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- Haldane model (infinite system)

Mi:MC”MD M
M; = M — AM :

2 6
AM « M, = only one Dirac cone
0.68 . ; :
Mi =M C+AM
0.64f Mc=M ¢ -AM
o 1 _
Actu.al#of | 2 46l 32 + 6
particles excited
is small
0.56 ¢
0.52

02 04 0.6 0.8 :

M, = +t,3V3sin @ (k)
tz = 0.1t1, ¢ = O67T

< Change in the Hall
conductivity is
again 2/3
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= Non-equilibrium topological response can be different than equilibrium systems.

= Linear response?

- Experimental considerations
= Finite size?

= Trap?
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- (Beyond) Linear Response

« Equilibrium state: F applied => no change in occupation probabilities

lu
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Haldane

Experiments |

- (Beyond) Linear Response

« Equilibrium state: F applied => no change in occupation probabilities

« Non-equilibrium: F applied => occupation probabilities shift

VNV
./"\,/\ M

** Pronounced
nonlinearities!
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- (Beyond) Linear Response

X(I) = % fOI dl’ anBZ d*k P, (E — 1'57) 0, (l:t)) : Transverse displacement

Impulse I = F 1t 1 -
1. Quench M; = M, + AM 0.9}
e
M; =M, — AM
Foe S | — AM/M=0.2 -
2. Applyi 1 : i
PPy IMPUISe 08 AM/M=0.1
3. Numerically calculate drift 2 ]
0.7 / 3 .
¢ Linear response valid when . . . . . . . .

Ay 0 04 0.8 1.2 1.6 2
c Impulse 1
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Take home message # 4

= In equilibrium: The bigger the impulse, the larger the transverse drift.

= Out-of-equilibrium: Strength of the impulse should be chosen carefully,
to remain in the linear response regime.
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- Haldane strip

J

.I.
—tj,;a;a; + h.c.

i E(azrai) = —dJi-j

< Ji—>j>: 2 Im {tj—>i < Cl;l- Clj >} E

« Ol => Jy = ), 7, is always zero, nonzero currents in individual links
« CI=> Jy is finite for E+0

« Initial ground state, quench, apply small electric field

1 dJy

o= WOk
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- Haldane strip

J

.I.
—tj,;a;a; + h.c.

i 4 gt
E(ai a;) = —Jis;
< Ji—>j>: 2 Im {tj—>i < Cl;l- Clj >} E

« Ol => Jy = ), 7, is always zero, nonzero currents in individual links
« CI=> Jy is finite for E+0

- Initial ground state, quench, apply small electric field, numerically calculate currents

1 dJy Small symmetric quench,

" W OE s
. v

Oy
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Experiments

- Linear response regime

= Specifically in cold atoms

= Finite size ?

s Trap? T
Even in the ground state
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= Finite size effects

= Cold atoms can explore strips of varying width

t, = 0.1ty,¢p = 0.6, M = 0, deep in the CI regime

L= 101 layers

Infinite system calculations predict C=1
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= Finite size effects

= Cold atoms can explore strips of varying width

t, = 0.1ty,¢p = 0.6, M = 0, deep in the CI regime

€F
E g % \
L, Kk, Infinite system calculations predict C=1

L= 11 layers
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= Finite size effects

= Cold atoms can explore strips of varying width

t, = 0.1ty,¢p = 0.6, M = 0, deep in the CI regime

= Infinite system
< 06 1
‘\E AA == M=0 | result
V’\I 0.4 A M=MC-O.1
© A 1/L Fit
02H ,
0 e # of edge modes 2
0 40 80 120 160 200 # of bulk modes L—2

Number of Layers L
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- Trap

o€ o€
LDOS(,e) = ) I¥"WIP0|e+— —n)0(en—e~

- Edges are always metallic

- Washes out any potential signal
from topological modes

= Yields non-universal results...

Energy (in units of t,)

0 40 80 120 160 200
Layers
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- Trap

In the absence of an electric field!

2 V(X) ‘
Jy (%)

tyor

Ey (x)

- 04 . .
ho=0
—ho =009t

O
)

----jx=—eCmoa2 y/h

O
N

O
AN

Current (in units of t/h
o

40 80 120
Layers

o

160 200

Net current vanishes, but

« Quantized anomalous Hall
currents

2
trap —mw-y
Ey =
e
_ Etrap _ € C 2
Jx = ouEy ™ =~ Cmaw?y
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q

neqg - : .
- Ingeneral, o4 " is non-universal, not given by the Chern number.

- In mass-sign-inverting quenches, universal fractional Hall response.
_ — neq __
A 2> A => Oy — g
- Can be seen in small quenches of any topological lattice system, e.g. Haldane
model
« Out-of-equilibrium Hall response linear regime is small.

- Hall response of a strip saturates to the infinite system result with a power law for
increasing strip width.

- In a harmonic trap, local currents can reveal the topology of the system even in the
absence of an external electric field.

Nur Unal, Erich Mueller, MOO, PRA 94, 053604 (2016)
Thank you for your attention! arXiv:1608.04395



Linear Ramp

A(t)

2w (i) = 1 (i) o (. 0)

« Ateachk, independent LZ problem
c?k4t
hA
& 1 => Transition

> 1 => Remain in lower band

Nk =

- Adiabaticity always holds for large k

- Ifthe gapislarge, A > #n/7, P, (]_{, T) — —Tc’k?T/hA
[ F_

L7 1 At At

Creqg =—5+m |€" t/herfe| |m—

2 \ h \ h




Linear Ramp

A(t)

“““‘
Exact results
== |Z approx.
<€—1/6
0 4

2
At /h
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- What happens when a system is suddenly driven between two topologically
different phases?

« Chern number is preserved!

1
C = %fdk” dky 2y = - |a(°°)||INCOS[t (ep(k = 00) — &, (k = 00))]

'Q[,n/ =S ak”Akv — akvAk”

Ay, = i<w‘aku‘w>

« Two-band model, e.g. Dirac Hamiltonian

- Initially filled lower band, excite some particles to upper band

W(k,0,t) = a(k,t) |2(k,0)) + b(k,t) lu(k,8))

N\ 7~

eigenstates of the final Hamiltonian

Zero, unless something is coming in...

Bhaseen, PRL'15




Harmonic Trap = Non-Uniform Hall Bar

V(x)

Ey (x) Jy (%)

>




