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 Cold atoms play an important 
role in these developments!

 Hamburg, non-equilibrium 
distribution

 Zurich, in progress …

.



? Dynamical response: All topological transitions non-adiabatic.

? Time-dependent transition between topological states: Do invariants survive?



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈 𝜇, 𝜈 − parametrizes momentum space 2-manifold



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈

𝛺𝜇𝜈 = 𝜕𝑘𝜇
𝐴𝑘𝜈

− 𝜕𝑘𝜈
𝐴𝑘𝜇

Ψ 𝑘, 𝜃, 𝑡 = 𝑎 𝑘, 𝑡   ℓ(𝑘, 𝜃) + 𝑏 𝑘, 𝑡   𝑢(𝑘, 𝜃)

𝜇, 𝜈 − parametrizes momentum space 2-manifold

eigenstates of the final Hamiltonian

𝐴𝑘𝜇
= 𝑖 𝛹 𝜕𝑘𝜇

𝛹

Cooper, PRL’15



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈

Cooper, PRL’15

𝛺𝜇𝜈 = 𝜕𝑘𝜇
𝐴𝑘𝜈

− 𝜕𝑘𝜈
𝐴𝑘𝜇

𝐴𝑘𝜇
= 𝑖 𝛹 𝜕𝑘𝜇

𝛹



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈

𝛺𝜇𝜈 = 𝜕𝑘𝜇
𝐴𝑘𝜈

− 𝜕𝑘𝜈
𝐴𝑘𝜇

𝐴𝑘𝜇
= 𝑖 𝛹 𝜕𝑘𝜇

𝛹

𝐻𝑘 = −
1

2
ℎ𝑘 ⋅  𝜎ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

Rigol, Nature’15



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈

𝛺𝜇𝜈 = 𝜕𝑘𝜇
𝐴𝑘𝜈

− 𝜕𝑘𝜈
𝐴𝑘𝜇

𝐴𝑘𝜇
= 𝑖 𝛹 𝜕𝑘𝜇

𝛹

𝐻𝑘 = −
1

2
ℎ𝑘 ⋅  𝜎ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

Rigol, Nature’15



𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈



𝜎𝐻
𝑛𝑒𝑞

≠ 𝐶
𝑒2

ℎ
= ⋯



Hall conductivity:   𝜎𝐻
𝑛𝑒𝑞

=?

 

 𝑝

𝑣𝑝 ≈  𝑑  𝑝 Ψ 𝛻𝜀  𝑝 + ℏ
𝑑  𝑝
𝑑𝑡

x 𝛻𝑝 x 𝒜  𝑟 Ψ

𝑗 = ⅇ𝑛𝑣

𝑑  𝑝

𝑑𝑡
= ⅇ𝐸 +

ⅇ

𝑐

𝑑  𝑟

𝑑𝑡
x 𝛻𝑟 x 𝐴  𝑟

𝑑  𝑟

𝑑𝑡
= 𝛻𝜀  𝑝 + ℏ

𝑑  𝑝

𝑑𝑡
x 𝛻𝑝 x 𝒜  𝑟

Roy et. al, PRA’15



Hall conductivity:   𝜎𝐻
𝑛𝑒𝑞

=?

𝑑  𝑝

𝑑𝑡
= ⅇ𝐸 +

ⅇ

𝑐

𝑑  𝑟

𝑑𝑡
x 𝛻𝑟 x 𝐴  𝑟

𝑑  𝑟

𝑑𝑡
= 𝛻𝜀  𝑝 + ℏ

𝑑  𝑝

𝑑𝑡
x 𝛻𝑝 x 𝒜  𝑟

𝑗 = ⅇ𝑛𝑣

 

 𝑝

𝑣𝑝 ≈  𝑑  𝑝 Ψ 𝛻𝜀  𝑝 + ℏ
𝑑  𝑝
𝑑𝑡

x 𝛻𝑝 x 𝒜  𝑟 Ψ

=  𝑑  𝑝 Ψ 𝛻𝜀  𝑝 + ℏ ⅇ  𝐸 +
ⅇ
𝑐

 𝑣 x  𝐵 x 𝛻𝑝x  𝒜  𝑟 Ψ

𝛺𝑒𝑞

 𝑎∗  ℓ + 𝑏∗   𝑢 𝐸 𝑥 Ω𝑒𝑞 𝑎   ℓ + 𝑏   𝑢

𝜎𝐻
𝑛𝑒𝑞

=
ⅇ2

2𝜋ℎ
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘)

Roy et. al, PRA’15



𝐸 𝑡 = 𝐸0 cos 𝜔𝑡  𝑥 ,

𝐽𝑦 =  

𝑘

𝛹𝑘 𝑡 −ⅇ  𝑣𝑦 𝛹𝑘 𝑡

𝜎𝐻
𝑛𝑒𝑞

=
ⅇ2

2𝜋ℎ
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘) =
ⅇ2

ℎ
𝐶𝑛𝑒𝑞

ℋ 𝑡 =  

𝑘

𝐻𝑘 ≅  

𝑘

 𝐻𝑘
𝑘=0

+  𝑣𝑘 . −ⅇ𝐸/𝜔 𝑠𝑖𝑛𝜔𝑡

ℏ  𝑘 = −ⅇ𝐸 𝑡 ,

  Ψ𝑘(𝑡) =  

𝑏=ℓ,𝑢

𝑐𝑏𝑘(𝑡)ⅇ−ⅈ𝜔𝑏𝑘𝑡   𝑏, 𝑘 ,



𝜎𝐻
𝑛𝑒𝑞

=
ⅇ2

2𝜋ℎ
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘) =
ⅇ2

ℎ
𝐶𝑛𝑒𝑞

*Usual TKNN for the ground state



𝜎𝐻
𝑛𝑒𝑞

=
ⅇ2

2𝜋ℎ
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘) ≠ 𝐶



𝜎𝐻
𝑛𝑒𝑞

=
ⅇ2

2𝜋ℎ
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘) ≠ 𝐶



ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

𝑘ⅇⅈ𝜃 = 𝑘𝑥 + 𝑖𝑘𝑦

ℋ𝑘 𝑢 𝑘 = 𝜀𝑘 𝑢(𝑘)

Static solutions

𝛺 =
± 𝑐2Δ

2 Δ2 + 𝑐2𝑘2  3
2

depends on the 
sign of D independent of 

the sign of D

𝐶 = −
1

2

𝐶 =
1

2



Occupation 
Probabilities:

𝛺 =
∓ 𝑐2Δ

2 Δ2 + 𝑐2𝑘2  3
2

𝑃1 𝑘 =
𝑐2𝑘2

Δ2 + 𝑐2𝑘2 𝑃2 𝑘 =
Δ2

Δ2 + 𝑐2𝑘2

ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

𝐶ⅈ𝑛ⅈ𝑡ⅈ𝑎𝑙 = −
1

2



𝛺 =
∓ 𝑐2Δ

2 Δ2 + 𝑐2𝑘2  3
2

Occupation 
Probabilities:

𝑃1 𝑘 =
𝑐2𝑘2

Δ2 + 𝑐2𝑘2 𝑃2 𝑘 =
Δ2

Δ2 + 𝑐2𝑘2

ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

𝐶ⅈ𝑛ⅈ𝑡ⅈ𝑎𝑙 = −
1

2

The summit 
matters the 

most!



ℋ 𝑘 = Δ 𝑐𝑘ⅇⅈ𝜃

𝑐𝑘ⅇ−ⅈ𝜃 −Δ

𝐶𝑛𝑒𝑞 =
1

2𝜋
 

𝑛
𝑏𝑎𝑛𝑑𝑠

 𝑑2𝑘 𝑃𝑛(𝑘) 𝛺𝑛(𝑘)

𝐶𝑛𝑒𝑞 =
1

3
−

1

6
=

1

6

 For symmetric quenches,  initially −
1

2
,  final  

1

6
=>  change always  

2

3





ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

Theory:  Haldane, PRL’88
Experiment:  Jotzu et. al, Nature’14



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

C=1

C=-1

Theory:  Haldane, PRL’88
Experiment:  Jotzu et. al, Nature’14



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

C=0

C=0

Theory:  Haldane, PRL’88
Experiment:  Jotzu et. al, Nature’14



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

Theory:  Haldane, PRL’88
Experiment:  Jotzu et. al, Nature’14



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

𝑀ⅈ = 𝑀𝐶 + Δ𝑀

𝑀𝑓 = 𝑀𝐶 − Δ𝑀

Jotzu et. al, Nature’14

* Other quenches 
would also work



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

𝑀ⅈ = 𝑀𝐶 + Δ𝑀

𝑀𝑓 = 𝑀𝐶 − Δ𝑀

* Other quenches 
would also work



ℋ = −𝑡1  

ⅈ𝑗

𝑎ⅈ
†𝑎𝑗 − 𝑡2  

ⅈ𝑗

ⅇ±ⅈ𝜙𝑎ⅈ
†𝑎𝑗 + 𝑀  

𝐴

𝑎ⅈ
†𝑎ⅈ − 𝑀  

𝐵

𝑎ⅈ
†𝑎ⅈ

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀ⅈ = 𝑀𝐶 + Δ𝑀

𝑀𝑓 = 𝑀𝐶 − Δ𝑀

= 𝜎𝐻
𝑛𝑒𝑞



𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀ⅈ = 𝑀𝐶 + Δ𝑀

𝑀𝑓 = 𝑀𝐶 − Δ𝑀

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)



𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋

𝑀𝐶 = ±𝑡23 3 sin ∅ (𝑘)

Δ𝑀 ≪ 𝑀𝑐 ⟹ only one Dirac cone

𝑀ⅈ = 𝑀𝐶 + Δ𝑀

𝑀𝑓 = 𝑀𝐶 − Δ𝑀







 Pronounced 
nonlinearities!



 Linear response valid when

X 𝐼 =
1

2𝜋
 0

𝐼
𝑑𝐼′  

𝑛
 𝐵𝑧

𝑑2𝑘 𝑃𝑛 𝑘 − 𝐼′  𝑦 𝛺𝑛 𝑘

𝐼 <
Δ

𝑐

Impulse  𝐼 = 𝐹 𝜏

1. Quench  𝑀ⅈ = 𝑀𝐶 + Δ𝑀

2. Apply impulse

3. Numerically calculate drift

𝑀𝑓 = 𝑀𝐶 − Δ𝑀

: Transverse displacement

𝟐

𝟑





−𝑡𝑗→ⅈ 𝑎ⅈ
†𝑎𝑗 + ℎ. 𝑐.

𝑑

𝑑𝑡
( 𝑎ⅈ

†𝑎ⅈ) = −𝒥ⅈ→𝑗𝑖

j

𝐸< 𝒥ⅈ→𝑗>= 2 Im 𝑡𝑗→ⅈ < 𝑎ⅈ
† 𝑎𝑗 >

𝜎𝐻 =
1

𝑊

𝜕𝐽𝐻
𝜕𝐸



−𝑡𝑗→ⅈ 𝑎ⅈ
†𝑎𝑗 + ℎ. 𝑐.

𝑑

𝑑𝑡
( 𝑎ⅈ

†𝑎ⅈ) = −𝒥ⅈ→𝑗
𝑖

j

< 𝒥ⅈ→𝑗>= 2 Im 𝑡𝑗→ⅈ < 𝑎ⅈ
† 𝑎𝑗 >

𝜎𝐻 =
1

𝑊

𝜕𝐽𝐻
𝜕𝐸

.

𝐸





𝐸

𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋, 𝑀 = 0,   deep in the CI regime

L= 101 layers

𝜀𝐹



𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋, 𝑀 = 0,   deep in the CI regime

L= 11 layers

𝜀𝐹

𝐸



𝑡2 = 0.1𝑡1, 𝜙 = 0.6𝜋, 𝑀 = 0,   deep in the CI regime

𝐸



𝐿𝐷𝑂𝑆 𝑦, 𝜀 =  

𝑛

𝛹𝑛 y 2Θ 𝜀 +
𝛿𝜀

2
− 𝜀𝑛 Θ 𝜀𝑛 − 𝜀 −

𝛿𝜀

2



𝐸𝑦
𝑡𝑟𝑎𝑝

=
−𝑚𝜔2𝑦

ⅇ

𝐽𝑥 = 𝜎𝐻𝐸𝑦
𝑡𝑟𝑎𝑝

= −
e

ℎ
𝐶𝑚𝜔2𝑦

V(x)

x

y

x

𝐸𝑥 (𝑥)
𝐽𝑦 (𝑥)



Nur Ünal, Erich Mueller, MOO, PRA 94, 053604 (2016)
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D   - D    => 𝜎𝐻
𝑛𝑒𝑞

=
1

6

Thank you for your attention!



iℏ
𝜕

𝜕𝑡
  Ψ 𝑘, 𝑡 = 𝐻 𝑘, 𝑡   Ψ 𝑘, 𝑡

𝜂𝑘 =
𝑐2𝑘2τ

ℏΔ
≫ 1

𝑃2 𝑘, 𝜏 = e−𝜋𝑐2𝑘2  𝜏 ℏΔ

𝐶𝑛𝑒𝑞
𝐿𝑍 = −

1

2
+ π

Δ𝜏

ℏ
e𝜋Δ𝜏/ℏe𝑟𝑓𝑐 𝜋

Δ𝜏

ℏ





𝐶 =
1

2𝜋
 𝑑𝑘𝜇 𝑑𝑘𝜈 𝛺𝜇𝜈 = ⋯ 𝑎 ∞ 𝑏 ∞ cos 𝑡 𝜀ℓ(𝑘 = ∞) − 𝜀𝑢(𝑘 = ∞)

𝛺𝜇𝜈 = 𝜕𝑘𝜇
𝐴𝑘𝜈

− 𝜕𝑘𝜈
𝐴𝑘𝜇

Ψ 𝑘, 𝜃, 𝑡 = 𝑎 𝑘, 𝑡   ℓ(𝑘, 𝜃) + 𝑏 𝑘, 𝑡   𝑢(𝑘, 𝜃)

eigenstates of the final Hamiltonian

𝐴𝑘𝜇
= 𝑖 𝛹 𝜕𝑘𝜇

𝛹

Bhaseen, PRL’15

Zero, unless something is coming in…



V(x)

x

y

x

𝐸𝑥 (𝑥) 𝐽𝑦 (𝑥)


