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Outline

* Relation among
I.  single-mode nonclassicality
Ii. two-mode entanglement
lii. many-particle entanglement

* new N-particle entanglement criterion
I. test for Dicke states
i. test for the ground state Dicke Hamilonian (superradiance)
lii. test for single-photon superradiance (exact, time depndt)
Iv. test for random superposition of Dicke states
V. ground state of an interacting BEC



3 kind of nonclassicalities

(i) single-mode nonclassicality
(i) two-mode entanglement

(i) many-particle inseperability
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(1) single-mode nonclassicality

(i) single-mode
nonclassicality

guadrature

squeezed states
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() two-mode entanglement

two-mode | witnessed by [1-3] <(MJ2><(M)2> -1
squeezed states DGCZ and SPH
H = }.1&2 -+ {iié; uw—= a1+ a9

U =p1 — P2

(i) two-mode
entanglement
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[2] R. Simon, Phys. Rev. Lett. 84, 2726 (2000).
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() two-mode entanglement

two-mode

squeezed states

o st

(i) two-mode
entanglement

\ inseparable

witnessed by [1-3]
DGCZ and SPH

(Aa)*)((A0)?) <1

number state

v) = (13)[1) + [2)[2))/v2

witnessed by
H&Z criterion [4]

U= a1+ &9

U =p1 — P2

works fine for
superposition of
number-states
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() many-particle inseparabillity

spin-squeezed | witnessed N{((AS.)?)
states by [7] § (S,)2 +(S,)2

H=S1+S2 H=52[5]
H=2S8+J.+ S_J_[6]

(i) many-particle
inspeperability

[5] Kitagawa, M. & Ueda, M. Squeezed spin states. Phys. Rev. A 47, 5138 (1993).

[6] M. E. Tasgin and P. Meystre, “Spin sqz with coherent light via ent. swapping,” Phys. Rev. A 83, 053848 (2011).
[7] A. Sgrensen, L.-M. Duan, J. I. Cirac, and P. Zoller, Nature (London) 409, 63 (2001).

[8] L-M Duan, “Entanglmnt detection in the vicinity of arbitrary Dicke states,” Phys. Rev. Lett. 107, 180502 (2011).



() many-particle inseparabillity

spin-squeezed | witnessed N{((AS.)?)
states by [7]

H=S1+S2 H=52[5]
H=2S8+J.+ S_J_[6]

(i) many-particle

inspeperability

~

Dicke states - ,
: superpositions

(number-like) of Dicke states ?? €new ? 7?7

Duan [8] / eg. superradiant states?

Duan [S]X

[5] Kitagawa, M. & Ueda, M. Squeezed spin states. Phys. Rev. A 47, 5138 (1993).
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a guestion in place

Atomic coherent states (ACS)

[€acs) = (l9)1 +€l€)1) @ (lg)2 +Ele)2) ... @ (|g)n +Ele)n)
separable many-particle states

%1 :S+J_|_+S_-JT_ >

Eacs) [> generates many-particle entanglement

Ho =S, J_ +S_J, .

¢ ) [> cannot generate entanglement
CACS —_—

[6] M. E. Tasgin and P. Meystre, “Spin sqz with coherent light via ent. swapping,” Phys. Rev. A 83, 053848 (2011).
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Hy = aqas + alal > | ) [> generates two-mode entanglement

Hy = alay + abay N

beam-splitter Hmlt

a) [> cannot generate two-mode entanglement

[6] M. E. Tasgin and P. Meystre, “Spin sqz with coherent light via ent. swapping,” Phys. Rev. A 83, 053848 (2011).
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[€acs) = (l9)1 +€le)1) ® (|9)2 +€le)2) ... @ (|ghn + Ele)w)

separable many-particle states

%1 — S+J_|_ + S_-JT_

) [> generates many-particle entanglement

Ho =S, J_ +S_J,

) [> cannot generate entanglement
WHY CANNOT ???

(we will answer soon)

Hl — &1&2 + &J{&g >

@) [> generates two-mode entanglement

Hg — T{lg + {1;{11 —>
beam-splitter Hmlt

()3) [> cannot generate two-mode entanglement

[6] M. E. Tasgin and P. Meystre, “Spin sqz with coherent light via ent. swapping,” Phys. Rev. A 83, 053848 (2011).



relation: single-mode noncls. & two-mode entangle.

beam-splitter (BS)
> > Bl

1
/

/" by & b, are entangled
. “only if”
a,is single-mode nonclassical [9]

v P

bz

[9] M. S. Kim, W. Son, V. Bu“zek, and P. L. Knight, “Entanglement by a beam splitter: Nonclassicality as a
prerequisite for entanglement,” Phys. Rev. A 65, 032323 (2002).



relation: single-mode noncls. & two-mode entangle.

beam-splitter (BS)
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nonclassicality criteria
for d,
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entanglement criteria

A\ 4

[9] M. S. Kim, W. Son, V. Bu“zek, and P. L. Knight, “Entanglement by a beam splitter: Nonclassicality as a
prerequisite for entanglement,” Phys. Rev. A 65, 032323 (2002).



relation: single-mode noncls. & two-mode entangle.

beam-splitter (BS)
> > Bl

1
/
7

/" by & b, are entangled
| P “only if”
b, -~ @jis single-mode nonclassicaly [9]

U= a1+ a0

quadrature squeezing criterion

DGCZ criterion
((Aa)*)((Av)?) <1

1
Axyg < —
=9

A 4

[10] Mark Hillery and M Suhail Zubairy, Phys. Rev. A 74, 032333 (2006).
[11] M.E. Tasgin, arXiv:1502.00992v1. [12] M.E. Tasgin, arXiv:1502.00988v1
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beam-splitter (BS)
> > Bl
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| P “only if”
b, -~ @jis single-mode nonclassicaly [9]

U= a1+ a0

U= p1 — P2 . o
quadrature squeezing criterion

DGCZ criterion ’
((Aa)*)((Av)?) <1 1Az < g
H&Z criterion number squeezing criterion
(alarabas) < [(alag)]? (AR)?) < (7)

[10] Mark Hillery and M Suhail Zubairy, Phys. Rev. A 74, 032333 (2006).
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relation:

two-mode

DGCZ

A 4

_____________

single-mod

criterion

guadrature
squeezing
criterion

single-mode

number sqz
criterion

single-mode noncls. & two-mode entangle.

(alaralas) < |(alaz)|*

___________________________

two-mode

H&Z

[10] Mark Hillery and M Suhail Zubairy, Phys. Rev. A 74, 032333 (2006).

[11] M.E. Tasgin, arXiv:1502.00992v1.

A

[12] M.E. Tasgin , arXiv:1502.00988v1

criterion




relation: single-mode noncls. & many-particle entangl.

ACS= |[€acs) = (|9)1 +&le)1) @ (lg)2 +&le)2) .- @ (lg)n +&le)n)  separable

N b oo [13,14]

A 4

coherent states
of light |a)

[13] JM Radcliffe, “Some properties of coherent spin states,” Journal of Physics A: General Physics 4, 313 (1971).
[14] JR Klauder and Bo-Sture Skagerstam, “Applications in physics and mathematical physics,” World Scientific,
Singapore (1985).
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relation: single-mode noncls. & many-particle entangl.

ACS= |{;—ACS>: (‘ ) +€|6> ®(|J> | > ®J(|J>N +€|6> separable

N b o [13,14]

L/}N Z R ‘gAC%

coherent states N b oo N o
of light |a)

ifr#+1 = [Yy) inseparable

ifr+1 = |[Y) single-mode
nonclassical

[13] JM Radcliffe, “Some properties of coherent spin states,” Journal of Physics A: General Physics 4, 313 (1971).
[14] JR Klauder and Bo-Sture Skagerstam, “Applications in physics and mathematical physics,” World Scientific,
Singapore (1985).



relation: single-mode noncls. & many-particle entangl.

ACS= [[€acs) = (1)1 + €le)1) @ (l9)2 + Ele)a) ... @ (lg)w +Ele)y)  separable

N b o [13,14]
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nonclassical nonclassical

[13] JM Radcliffe, “Some properties of coherent spin states,” Journal of Physics A: General Physics 4, 313 (1971).
[14] JR Klauder and Bo-Sture Skagerstam, “Applications in physics and mathematical physics,” World Scientific,
Singapore (1985).



relation: single-mode noncls. & many-particle entangl.

easier with operators — le) > ¢,
use Holstein-Primakoff transformation — |g9) > G
St = el e A a _ ata
fr g Sz = (CeCe — Cg Cg)/2
S_=Cq4Ce

[15] Clive Emary and Tobias Brandes, “Chaos and the quantum phase transition in the dicke model,” Phys. Rev. E
67, 066203 (2003).
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relation: single-mode noncls. & many-particle entangl.

easier with operators
use Holstein-Primakoff transformation

S, =¢
S.=¢

b)

S, = (Gele — &) 2))/2

Q4+ ®—

Ce

Holstein-Primakoff transformation [15]
S. =atvV/'N —ata

S =+/N—ataa
S, =ata— N/2

representable with a single operator a

[15] Clive Emary and Tobias Brandes, “Chaos and the quantum phase transition in the dicke model,” Phys. Rev. E

67, 066203 (2003).
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relation: single-mode noncls. & many-particle entangl.

____________________________________

spin-squeezing criterion

N{(AS.)*)

£ =

(S2)% + (Sy)?

< 1

Holstein-Primakoff transformation

S, — VNa!
S_ —+VNa

guadrature-squeezing

[12] M.E. Tasgin , arXiv:1502.00988v1.

criterion
implies 1
P " Azp < = = (at+a) V2
[12] 2




the big picture: (i) & (ii) & (iii) together

FAzg <~ e OIS
AR A ST 2 ((An)) < (A) | (ajarabas) < |(alaz)|*
AT At ; single-mod single-mode @~ two-mode
two-mode drat
uadrature
DGCZ B.S. qsqueezing nurr.1be.r >4z B.S. _H&_Z
criterion e criterion criterion
criterion ¥
. Q
Q T
I
spin-squeezing Enew ?2?2?
criterion criterion
_____ many-particle many-particle
o N@spy
ST ()2 +(S,)? |




the big picture: (i) & (ii) & (iii) together

Ay < 5 TTVSC NS
(A < 1] S— A7) < {h) | (@asaban) < |(@laa)"
single-mod single-mode two-mode
two-mode
DGCZ quadrature number sqz | H&Z
o » squeezin iteri . iteri
criterion OI_ : g criterion criterion
criterion T
{ | St VNG
S, = VN & T S_ —VNa
N - o T Ny
S_ —VvVNa 1 =a'a
spln—§qu§ezmg Engw -??? Vs o
criterion criterion
_____ many-particle many-particle
. N{(AS.)?) | 5
=B rs, < b R=5.5_
""""""""""""""" $new 727




the big picture:

two-mode

DGCZ

_____________

single-mod

guadrature

A 4

criterion

N - ©

S, — VN %
S_ —+/Na

squeezing
criterion

A

spin-squeezing
criterion
many-particle

_____________________________

N{(AS.)?)
- (S2)2 +(Sy)?

derived by calculating ((A?x)z)

() & (ii) & (iii) together

single-mode

number sqz
criterion

(alaralas) < |(alaz)|*

___________________________

two-mode

H&Z

A

A

1S, — vNa'
a
T S_ —+VNa

Enew 2??

criterion

many-particle

criterion

=

> ||
-~
—i=
)

N|— o

7%, — S+S_

Snew 722

try calculating ((Aﬁ)z) = ((A§+§_)2)



new many-particle inseparability criterion: &,ew

if separable RN Tt
’ (an) < fn)| (finadan) < (@i
p=> PV @pd . opy single-mode two-mode
g @ number sqz | H&Z
criterion criterion
(AR)%), > pun -
@ | St VNa'
new:<(AR)2>_ﬂN20 I. S_— \/N&
v =ala
many-particle criterion
Snew < 0 inseparable many-particle
R — S+ S_
$new 22?7
] N2 o a2
try calculating ((AR) )= ((AS+S_) )




new many-particle inseparability criterion: &,ew

VAxg < T U
AR A ST IR ((an)*) < (A) (alaralas) < |(alas)[?
:((Au) >((Ai') ) < 1: single_mod . s PSP Y NP
----------------------- single-mode two-mode
fwo-mode drature
ua
DGCZ ) qs e nurr'1be.r 59z | -H&.Z
criterion OI_ : g criterion criterion
criterion X
| | St VNG
Sy — VNa' & | S_ — VNa
N - o o
S_ —>VNa
spin-squeezing Enew 22?
criterion criterion
_____ many-particle many-particle
N((AS.)?) e A2 A
AR CATEN AT Snew = ((AR)") — un <0
o \2 , \2 o = \2
derived by calculating ((AS,)") try calculating ((AR)") = ((AS,S_)")




new many-particle inseparability criterion: &,ew

_____________________________________________

5.2 4+(S,)3 N? ; N
,uN—( h;{ >k—|— 1 —{Sf)k—l-ﬁ'((SJrS )k—<Sz}k—§)
_4[blxz(fc}f2 + f;jz} + fa + fb + Qfalylg ;lf.z] T l\r(ﬂ? 1) ((Sg} T+ <S§> T ?)2
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Outline

* Relation among
I.  single-mode nonclassicality
Ii. two-mode entanglement
lii. many-particle entanglement

* new N-particle entanglement criterion
I. test for Dicke states
i. test for the ground state Dicke Hamilonian (superradiance)
lii. test for single-photon superradiance (exact, time depndt)
Iv. test for random superposition of Dicke states
V. ground state of an interacting BEC



&.0w Dicke states.

Snew = <(AR)2> —un < O il> Mmany-particie

inseparable

_____________________________________________

Q > 0 = entangled
épuan > 0 = entangled

linear entropy (Q)

new criterion
-8 -6 -4 -2 0 2 4 6 8
Dicke states |S,m)

new




$hew Superradiance (superpositions of Dicke states)

_____________________________________________

ground state of the Dicke Hamiltonian (superradiance)

H = hweyS. + hwaala+ g/VN(S. + S_)(a' + a)

many-particle entanglement

-0.25

0
(=

occupation

- (a)

(a'a)

-

-
-

'O
-

-

S +(S2)

o0

0.05F

_________

‘
.
vt
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ot
.
\
‘
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011
-015
0.2
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~
-,

fl

0.5

1.5

Q > 0 = entangled
$spin < 0 = entangled

énew < 0 = entangled

¢puan also fails
(not plotted)



$hew Superradiance (superpositions of Dicke states)

ensemble-field entanglement

0.3F
0.2f

01

01}t
0.2}
0.3 |
0.4 |
0.5 |

-0.6

Unew < 0 = ensemble-field entanglement

ground state of the Dicke Hamiltonian (superradiance)

H = hweyS. + hwaala+ g/VN(S. + S_)(a' + a)

superradiance
Upac k e ————
‘. K@ G=0 DAANANAD K,
! Light Light
& o [ 4
4
X SR Y
’
\\ new R
- Fi
~ . ,/
S ~ewe” HZ
new
SR
l’lnew
(N— )
0.8 1 1.2 1.4 1.6 1.8 2



$q,ew Single-photon superradiance: timed
(superpositions of Dicke states)

single-photon superradiance exactly solvable

4 IR LA 0(0)) = Y0, e i lgrga e gn)

oo o 0‘ . . o, o,
I, initially superposition of

o 0 . 't. !'.: ", . . .
AT H A S AT different atoms’ excitations

V4

o

PR

<>
1
-
e
oy
7
(A
& o'
ﬂ 'lf'
‘

S
;z.*
gt

e
A

A e N A S T e | N
TR A e A [U(t)) = Z B3i(t)|g1g2 €. gn)|0) + Z Y (t)|g192 - gn) | 1k)

oo,

Bj (t) — 6—1—‘]\{156?21{0-1‘5;

5|

randomly placed
2000 atoms

[16] Anatoly Svidzinsky and Jun-Tao Chang, “Cooperative spontaneous emission as a many-body eigenvalue
problem,” Phys. Rev. A 77, 043833 (2008).

[17] Marlan O Scully, \Single photon subradiance: Quantum control of spontaneous emission and ultrafast
readout,” Physical Review Letters 115, 243602 (2015).



$q,ew Single-photon superradiance: timed
(superpositions of Dicke states)

single-photon superrad/ance

4 Vo As ;.
v }.’f}‘ Sa . g o,
2 e ‘: r,,’fi}*‘:\'..:" '

%'*z%\f;* :

SO, e e
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v O mEmieEiege R AL
p ots "fq [ 1) = ¥ S, .
a5t ':‘5?5;-{:‘33'3"5""' 22850, ¢
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% 1‘,’\" (Y Y .0"' , ".

4 T é‘ gf.ﬁ-.ﬁ vy

m-. ‘\’g')“,-u .

}"‘
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N
=1

exactly solvable

N iko-r;
[¥(0)) = 32521 €™ g1, 92 - ¢

initially superposition of
different atoms’ excitations

--9N>

MOY + ) (t)lg1gz - - gn) k)
k

s'ingle-p'hoton 'superrédianc'e

-
——

e —Er——

- ==

new
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¢ new (random superpositions of Dicke states)

2000 random superposition of Dicke states

witnessed in all when Q>0



$hew iNteracting BEC

__________________________

__________________________

K.E. & trap potential atom-atom collisions

1.4 : :
1.2} g? 1 g% = @)Y () (r)y(r))
1 - - bunching of atoms
0 :
01} ]
k entanglement of atoms
045 1 15 2

(Uit /N)/ hvexe.



$hew iNteracting BEC

K.E. & trap potential atom-atom collisions

1.4 : :
1.2} g? 1 g% =@ ()" ()0 (r)y(r))
1 - - bunching of atoms
0 :
0.1} -
K entanglement of atoms
0.2 : :
0.5 1 15 2
((Jint/N)/hwexc
Ketterle [18] ~ BEC responses collectively to an
showed excitation if U;,,; > E .,

[18] J. Stenger, S. Inouye, Ananth P Chikkatur, DM Stamper-Kurn, DE Pritchard, and W. Ketterle, Bragg
spectroscopy of a bose-einstein condensate,” Phys. Rev. Lett. 82, 4569 (1999).



a question in place (answer)

answer S, — vV Nal
IS g 5 VNa

becomes two-mode sqz

%1 :S+J+*S_-J-r_ >

Eacs) [> generates many-particle entanglement

Ho=5,.J_+5_J4 >
becomes beam-splitter

¢ > [> cannot generate entanglement
CACS —_—

Hi = ajas + aJ{ag >

@) [> generates two-mode entanglement

beam-splitter Hmlt

()g,) [> cannot generate two-mode entanglement

[6] M. E. Tasgin and P. Meystre, “Spin sqz with coherent light via ent. swapping,” Phys. Rev. A 83, 053848 (2011).
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