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The Schrodinger cat states as superposition of Glauber’s
coherent states with opposite phases, become important tool
for construction of qubits, as a units of quantum information in
quantum optics. They correspond to even and odd quantum
states.

gl

Here we generalize this construction to the kaleidoscope of
coherent states, related with regular n-polygon symmetry and
the roots of unity. Superposition of coherent states with such
symmetry plays the role of the quantum Fourier transform and
provides the set of orthonormal quantum states, as a
description of qutrits, ququats and qudits.

ehttps://www.youtube.com/watch?v=UjaAxUO6-Uw
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o Coherent states
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eThe state |«) obtained by applying displacement operator
D(«) to the vacuum state is called Coherent State:

, which is instructive for our generalizations.
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Heinsenberg Uncertainity relation:AgAp >

Coherent states are satisfying minimum uncertainty relation
thus we say that they are

(84), (), = o

y

Inner Product of coherent states:

(a|B) = g zlaP-}162+as

= |<0‘|B>|2 = (a|B){(B|a) = gl +BP-as—Ba) _ g—la—p[?

= Coherent States are NOT orthogonal.
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9 Schrodinger’s Cat States
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Schrodinger’s Cat States:

catye ~ |o) +| — ) |cat)o ~|a) - | - a) J

These cat states can be considered as a superposition of two
states rotated by angle = and related with primitive root of unity:
g*=1=>¢*=-1=¢€"and1+q¢*" =1 +(=1)"= 20p=0(mod?2)

0)a = No(la) +1g°0))  [1)a = Ni(lo) +G°|a%a)) |

o (ala) = (¢%e|q?a) = 1
o (a|gPa) = (qPala) = g2l

Normalizing |0),, by using inner products:

o o) +1g9%e)

’O>Oé = e 2
V2 el 1 g@?laf?
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Normalized Cat States:

2 2 2
elO‘| e eq o

0 a2n 2a2n a2n
Z((‘r‘ﬂ) +(q’n|’)>_z_%r‘7| ( +q2n)

n=0

25nEO(modZ)
2k
= 2cosh(|af?) = 2,€el**(moa?2)
O)y = et 1 +1a%) _ ief o) +|q%)
e|a|2 —+ eq2|a‘2 2 Oela‘z(modz)
e} 2 72 2 o 2 72 2
1)y = 6% ) + 9719  _ lsf |e) +7|9%a)
V2\/elof + g edlal 2,/ 1€la?(mod2)
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Normalization factors is defined by even (0 mod 2) and odd
(1 mod 2) exponential functions:

1

,where N = [

<, (|a2)? eloP 4 g@lal

el = 3 Gé'kgl _¢ +29 — cosh |a[? (mod 2)
k=0 '
) 2\ 2k+1 |a|2 —o q2|a|2

et = 3 ((|20‘I|()+ - T —sinh|af? (mod2)
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Different representation of Schrédinger’s Cat States:

god! cosh aaf
0)y = 2 0) (mod2)= ——"=_|0) ,
god! sinh adf

e = —Z—0) (mod2)=

elal?
;

——0).
\/sinh|04|~2| )

Schrédinger cat states are eigenstates of & :

ale) = ala) = #|Fa) =d?|Fa)

&|0)a = 0?|0)a, &|1)a =a?[1)a = &|P)a = Plt)a

Every eigenstate of &% operator can be written as linear
combination of orthonormal basis {|0)., |1)»} and they can be
used to define the coherent qubit state:

|¥)e = C0|0) e + C1]1)a » Where |Co|? + |¢4]% = 1
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Annihilation operator a gives flipping between cat states :

R R N
40)0 =a1a , all)a= a#|o>a (mod 2)
0

Since N = 44 ,we can easily calculate number of photons in
Schrédinger’s Cat States:

«(0|N|0)a = |af2tanh|af?,
«(1IN|1)a = |af2coth|al?.
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Figure : Number of photons in Schrédinger’s Cat States

| ||im OAOW\O)Q :| |||m o1 \N\ Vo = |of? = (:I:a\N| + )
o|—00

Schrédinger’s Kitten States :

lim o(ON0)o =0 & lim o(1|N[1), =
|a|—0

|o|—0
v
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© Tinity states
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Figure : Trinity States
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Trinity States

First, we construct orthonormal states as superposititon of
|a), |g?a) and |g*a) with g8 =1 .

Define:[0) = No (Ja) + \qza) + \q“a))

*Ia\
0)a = Noe™2 \F ) +G°"In) + *"|n))
(0] [0 [0]
0 0 0
Noe 5" i A N I R
S VT B e g
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Since we have equation g® = 1, we can write

=1 = (@ -N(1+¢"+¢")=0 =

1+ 62"+ §*" = 36p—o(mods) |(*)

oo

—lal?

10} = 3Npe 2

= 3Noe 2

Z\/sT

> o

From Normalization of |0),

<e|°‘| 4 g@lof eq4|a|2>

—
W
=
=
OOI—'-
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Normalized Trinity states

s |a)+19%a) +19%) = |a) +]q%) +]q%a)

V3yeloP 1 e@lof 4 gdtlaf? 31/oelol?(mod3)

0)o =€

1, = &F @) +%|g%a) + q*|g*a)
VB[l + gPedlof 4 G eatlal
oo |o) +7°|q%a) +q'Ig%a)

34/ elo*(mod3)

)

2, = ol +d'Ia%a) +qlq*a)
\/5\/ glol? + ghe®lol | GPedlol
o2 10) +3'Ig%0) +7°|g*a)
34/26l%?*(mod3)




General form of qutrit coherent state

[[¥)a = Gol0)a + c1[1)a + C2l2)a |

,where [0), = No(\a)+\q2a>+|q4a>>
Ma = M (la)+e7%|g%) + &F|q%a))

2a = Mo (la)+eF|g%) + e F|ga))

& |colf+ei?+ el =1

|

Different form of of Trinity States

From 2|0) = 0, we have relation between trinity states and |0) :

1 eaéT

elal?
b

> eaéT

elal?
2

0 eaéT

elaf?
0

‘0>a = |0>7 |1>oc = ‘0>7 ’2>a = |0>

A\
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Trinity Gate

1 1 1
0)a i 5\ 2 |a)
!m N[ 1@ (@) |||
2 4
2)a 1 g (54) 1q"a)
trinit;/rgate

"N O 0 ez | oo 0 0 -1/
N=| o m o }: 0o qele® o (mod 3)

0 0 selol?
v

1+ aZ(nfk) +a4(nik) = 35n5k(m0d3) ;0 < k<2
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Annihilation operator a gives flipping between trinity states:

We will use equations in (x) to calculate number of photons in
Trinity States;

_ - —3]a?
R , [2ele? , 1 +2e 2z cos (‘?!a\Q 2”)
o(0[N|0)e = o —eE | = |a| e
o€ ] 14+2e 2 cos (‘f|a!2)
_ _ B 73|o¢ \/g
al? 1+2e 2 |Oé’
_ 46l 5
«(1IN1)e = |af? o | = jaf? oal? ( )
R 1+ 2e : <?|a\2 2”)
~ - B —Sa
. o [1elof , | 1+2e >~ cos (\?|a\2 2”)
a(2IN[2)a = |af e | T |af EYHE v
[ 2817 ] 1+2e 2 ( 23]a\2+2n)
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n(<[J||"\:'|[]>n(
—_— n(<1||"'\:'|1::-.I
—_— g <2|N|2>,

Figure : Photon numbers in Trinity States

Jm o(KINK)o = ||2 = (a|N|a) , k=0,1,2 J
o|—00
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O Quartet states
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Figure : Quartet States
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matrix form:

5, (1 1 1 7]
@ . o\ 2 o\ 3 |a>
1 q2 q2 2
e |yt | (@) e
Ig;a val1 g (@) (7 7o)
o 6 (6)\2 (=8)\° 1g°a)
17 (@) (@)
Quartet gate
2 _1
W | oel 0 0 0 2
N_82| 0O el 0 0
V4 0 0 el 0
0 0 0 el

1+ @0 1 @k 1 g8 = 46,k (mogay ,0< k<3
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Number of Photons in Quartet States

We have flipping between states |k),, k =0, 1,2,3 with annihilation
operator & :

o . Ny n _ N; . . N> . . N3
al0)o = aﬁs|3>av at)a = aﬁo|0>m a2), = amlﬂm a3)a = aﬁ2|2>a

Then,we can calculate number of photons in Quartet States;

o, = o [ o [ 2t et
I R =
«@N2)a = |of :;ZZ:Z: = lal® :fé;’Zﬁ'ifiZ;'?élT{
o = ot 200 S
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Figure : Photon numbers in Quartet States
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Q Generalized n-Cat States
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Generalized n-Cat States

Consider the superposition of n coherent states which are
belonging regular n-polygon and these states are rotated by
angle = which are related with primitive root of unity: g2 =1.

Inner product of g°¢ coherent states:

o (qP¥alg®a) =1, 0<k<n-—1
o (P a|q?la) = e\ocl 2@ o<k, I<n-—1

la°) 10)a [ o)
j 1o |(Ijﬂ>
laa) 2o | _ng| 11
le%a) =20 o)
g’ Pa) ! n—1a lg2(r=1)q)

g2 ar) |a)

Figure : n-regular polygon states
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0)a = No (\a) +1G%a) + |q*a) + ... + qu(”—1>a>)

= Noeila‘ Zf

)+ @*"|n) + ¢*"|n) + ... + 2"~ V|n))

© 1+ 2™+ ¢* ™+ ... + 2™ = N6 m=o(modn)
Ol b gl grt=s) e gRlie=e)i=1 = N6 m=s(moan)

o

10)a = nNoe 3 = nNOe B

Zm;
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Quantum Fourier Transformation

~>Ol 1 1 1 1 T r ‘Oé> b
e 1 62 64 aZ(n—1) |q2a>
2 1|1 g¢  g° g )
13)a = NG 1 gt g2 gon-1 g%a)

L n=1). | | 1 a2(n—1) a4(n—1) 62(n_1)2 11 |q2(n—1)a> |

=ani ,
This matrix is Quantum Fourier transform where g2 = e~ n "isa

n-th rooth of unity. The quantum fourier transform is unitary
matrix which satisfy QQ" = Q'Q = I.

Z KlgZa) 0<k<n—1
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From these orthogonal states, we can construct normalized
states which we called as "Kaleidoscope of Quantum coherent

states™:
_1

oelel 0 0 2 i
‘?”’ |of? 0 relel 0 0 Ty
e 2 lal? 5
12) & . e 0 0 o€ 0 12) o

vn
In—1)a = T)e
0 0 0 . (ayelel

nk+s

Ne= S (6(aP) ™ & fi(af?) = e (modn) - Z('

(nk + s)!

Also, we can express them as superposition of standard exponentials;

sel*’(mod n) = Zfzskeqﬂ“”z ,0<s<n-1
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Derivative relation and Differential equation in (mod n):

8n
w |:Se|a‘2:| =s e|04|2 — fs(|a|2) ) Where 0 S S S n— 1

(|

with proper initial values: % (0) = 1 and

£(0) = £4(0) = ... = £790) = £5Y0) = ... = " V(0) = 0.

v
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Number of photons in Kaleidoscope of Quantum coherent

states:
. N, ~ _gleP
8S)a = oo |s = 1)a = a(sIN|S)a = o2 | =5 | ,0<s<n—1
st1 lex]
n N0 2 5 n_1e‘(’4|2
= —1 N|0), = 5
& 0)=ap-In— 1) = a(OIN0)« = o] [ o
im o(s|N|S)a = |0]? = (xa|N| £ a)
lim a<s|N|s>a =
|| —0
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Q Conclusion
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Quantum Group Symmetry

OuAr kaleidoscope coherent states are eigenstates of operator
N N K)o = g% k)0, k=0,1....,n — 1.

1 0 0 0 0 0 0 1

N 0 ¢ (2 0 1 0 0 0

& 0o o 0 & 0 1 0 0

Y=g =1v e , L1=1® _ _
0 0 0 .. 0 0 0 .. 0

These n x n matrices are called the Sylvester clock and shift
matrices correspondingly satisfying £; = (I® Q)Z3(I ® Q*).
They satisfy relations X3 = q?Z3X;and X =1& X7 =1

eQuantum information & Coherent States: Schrédinger Cat
State can describe qubit as a unity of quantum information in
binary system, Trinity states can be used in description of qutrit
in ternary system. Generally, superposition of n-coherent states
can describe qudit of quantum information for number with
n-units.
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Figure : Rotate the end and watch explosions of color inside the tube.
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