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• Theoretical Prediction
non-Hermitian skin effect



All eigenstates are localized around the edge in such a way that they become so close to 
each other that one can hardly distinguish them. 

It was shown that not only topological edge states but also bulk states are exponentially 
localized around the boundaries in a nonreciprocal lattice with open edges. This extensively 
large density of eigenstates at edges implies that the standard bulk- boundary 
correspondence based on Bloch band topological invariants fails. 



Experimental realization



Application



What is the general condition of such closeness of eigenstates for a given non-
Hermitian Hamiltonian? 

Localization around any point in the lattice instead of edges. Can it be possible?

Can such a clustering be possible for a periodical system?
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An N-th order exceptional point is a point singularity in the parameter space of an N-
level system at which all eigenstates and their eigenvalues coalesce. 

𝐻𝐸𝑃 has a Jordan block form 

Around the exceptional point, the forms of the eigenstates become slightly different from 
each other. They can be hardly distinguishable from the experimental point of view. 

Nature 548, 192–196 (2017).



The signal of eigenstate clustering: the fidelities are piled up around 1.

the systematic study of grouping the eigenstates in such a way that the eigenstates in the 
same group are more similar to each other than to those in other groups. In other words, 
the functional forms of any two eigenstates in two different groups should be different from 
each other as much as possible to have more meaningful grouping. 



Here we use the k-means clustering algorithm 

Suppose that there exists a set of M eigenstates {|α >}, where the fidelities among them are 
either exactly or almost equal to zero. In this way, we construct M-dimensional data space. 
Then we find fidelities for the rest of eigenstates with respect to {|α >} to produce a set of 
data. Finally we apply the k-means clustering algorithm to make an unsupervised 
classification of the eigenstates. 



Microring Resonator with clockwise and anticlockwise modes 
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Jn=	0.1	and	N	=	20	for	all	plots.

(a)	Tn=	0.05	, OBC

(b)	Tn=	0.1+sin2(n/5),	PBC

(c)	Tn=	0.1	+	sin2(n/0.5),	PBC

(d)	Tn=	0.1,	OBC





• We have predicted eigenstate clustering of non-orthogonal eigenstates. 

• We have discussed that non-Hermitian skin effect is a typical example of eigenstate 
clustering. We have found other examples.

• We have used a clustering algorithm of machine learning for the first time in the literature 
of non-Hermitian systems.

• Determination of topologically insulating states using machine learning.


